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ANSWERS AND EXPLANATIONS TO SECTION |

Prosrem 1. If ¢(x)= é%f -5x%, find g(4).

First, take the derivative.

¢(x)= i(4x3)_ 5(2x) = X oy
32 8

Now, Plug In 4 for x.
3
%Lmzo(z;)w&m =32
The answer is (B).

Prosrem 2. The domain of the function f(x)=~v4—x* is

When you have a square root in a function, the domain will require that the
expression under the radical (the “radicand”) not be negative. Thus, the domain

will be those values where 4-x° is not negative.
In other words, 4 ~x* 20.
We solve this by, first, factoring the expression on the left. (2+x)(2-x)20

Next, we take the roots of the left side, which are -2 and 2, and put them on a
number line.

“"‘:‘j‘?‘i”*""im“”;‘;:"‘“‘“”

Now, we pick a value in each of the three regions on the number line x<-2,

a positive or negative value. [f it's positive, then we include that region in the
domain. If it's negative, then we exclude that region from the domain.

Let’s try -3 for a value in the region x<—2.
We get: 4—(-3)" =-5, s0 we exclude the region x <-2 from the domain.

Now, we try 0 for a value in the region -2 <x<2.
We get: 4 w({))z =4, 50 we include the region -2 <x <2 in the domain.
Finally, we try 3 for a value in the region x> 2.

We get: 4—(3)" = -5, so we exclude the region x> 2 from the domain.

Because the radicand is allowed to be zero, we include the endpoints in the domain.
Therefore, the domain is ~2<x <2,

The answer is (D).
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2
.oxt=25
Propram 3. lim——" ig

=5 X
Notice that if we plug 5 into the expressions in the numerator and the denominator,

we get:; e which is undefined. Before we give up, we need to see if we can simplify
the limit so that it can be evaluated. If we factor the expression in the numerator, we
(x+5)(x-5) . , o
get: W(x— 5 which can be simplified to x +5.
Now, if we take the limit (by Plugging In 5 for x), we get 10.
The answer is (B}
¥oxa2

Proseem 4. If f{x)= RN find f'(x).
x%

We need to use the Quotient Rule, which is:

Given f(A)Z%}% then f’(‘i) =

Here, we have:

S {h(x;

Proprem 5. Evaluate im
=0 h

Notice how this limit takes the form of the definition of the Derivative, which ig:

Fx)= tin [ 1) ()

B0 h
Here, if we think of f(x) as 5x*, then this expression eives the derivative of 5x% at
J 5

1
the point x = 5

The derivative of 5x* is f/(x)=20x°.

1 1 1y
At x=—, we get {2 =200~ =
2 "R f@ {ZJ

The answer is (A},

RSN ]
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PROBLEM 6. fovax dx =

1
First, rewrite the integral as: ’{iw 3.x2dx.

3
Now we can simplify the integral to: w“'?)}xz dx.

n+i
Using the power rule for integrals, which is Jx” dx = 1" C,
T
\ 5 o
— 2 — 2 iz 2
we get: \/’3jx2 dx =3 =t Cm 213 x2+C
a3 5
2
The answer is (A).
' -16 .
ProsLem 7. Find k so that f{x)=< x4 ’ is continuous for ail x.
k sx=d

In order for f(x) to be continuous at a point ¢, there are three conditions that need
to be fulfilled:

(1) f{c) exists.
(2) 11131]‘ (%) exists.

(3) lim f{x) = f(c}.

=0
First, let’s check condition (1). f{4} exists; it's equal to k.

Next, let’'s check condition (2). From the left side, we get:

2 — —
x—4" X - i}: xead” X — xead”

From the right side, we get:

2 ANy
im 20 i (e-4)x+4d) m{x+4)=8
rdt oy —d x4 x—4 Kbl

2
. . . x"—-16
Therefore, the limit exists and hn}
e

=8,

Now, let's check condition (3). In order for this condition to be fulfilled, k must equal 8.
The answer 1s {I}).
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Prosiem 8. Which of the following integrals correctly gives the area of the region consisting
of all points above the x-axis and below the curve y =8+ 2x - x??

The curve y=8+2x—x" is an upside-down parabola and looks like this:

IR

Notice that it crosses the x-axis at x=-2 and at x=4.

The formula for the area of the region under the curve f(x} and above the x-axis
&

from x=gato x=b is: J.f(x)dx.
a

Thus, in order to find the area of the desired region, we need to evaluate the integral

’

4
j (8+2x 2" dx.
2

The answer is ().

Prosiem 9. If f(x)=x"cos2x, find f'(x).
Here we need to use the product rule, which is:

If f(x)=uv, where 1 and v are both functions of x,

Here, we get:

The answer is (D).
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Prosizn 10. An equation of the line tangent to v = 4x° —7x" at x=3 is

f we want to find the eguation of the tangent line, first we need to find the
y-coordinate that corresponds to x=3. it is:

iy = 4(3Y —7(3)" =108 - 63 =45.

Next, we need to find the derivative of the curve at y=3. Itis

dz =12x" - 14x and at y =3, dy) =12(3)" ~14(3) =66
Now we have the slope of the tangent line and a point that it goes through. We can
use the point-slope formula for the equation of a line, {y=wy)=m{x-x,), and Plug
In what we have just found. We get: _

{yy—45)=66{x -3}
The answer is (B).

Proprem 11. E r**sz dr =
o V1’
- . dx 4 u)
This integral is of the form f ﬁ“{ =sin” | — |+, where a=1.
ya fa

Thus, we get:

‘ T
js"z_%iiﬂzﬁm () = 2| sin”
b \ﬁ—x A

The answer is (B},

ProBiEM 12. Find a positive value ¢ that satisfies the conclusion of the Mean Value Theorem

for Derivatives for f(x)=3x"-5x+1 on the interval {2,5].

The Mean Value Theorem for Derivatives says that, given a function f(x) which is

continuous and differentiable on [a,b], then there exists some value con {a,b) where

Here, we have - = -
b—a

and f'{c)=6¢-5, so we simply set fc-5=16

If we solve for ¢, we get: ¢=—

The answer is {H).
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Prosrem 13. Given f(x)=2x’-7x~10 find the absolute maximum of fix) on [~1,3].

First, let's take the derivative and then set it equal to zero to determine any critical
points of the function.

flx)=4x-7
dx—7 =0
7
X =—
4

Now we can use the second derivative test to determine if this is a local minimum
Or maximum,

frlx)=4
Because the second derivative is always positive, the function is concave up every-

7
where and thus ¥ = Z must be a local minimum.

How, then, do we find the absolute maximum? Anytime we are given a function
that is defined on an interval, the endpoints of the interval are also critical points.
Thus, all that we have to do now is to plug the endpoints into the function and see
which one gives us the bigger value. That will be the absolute maximum.

f(=1}=2(=1)* = 7(~1)~10= -1
f(3)=2{3)" - 7(3})~10=-13

Therefore, the absolute maximum of f(x) on the interval [-1,3] is —1.

The answer is {AL

Prosiem 14. Find % if %y +xy® =-10.
x

d
We need to use implicit differentiation to find %

d_y
dx

dy

dx

a
“

3xty+xt =Ly +3xy ={

d ad
Mow, in order to isolate Eg', we move all of the terms that do not contain d—z to the

right side of the equals sign:
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dy
Factor out —=:
dx

%(xs + 3xy2) =-3x%y -y’

d
And divide both sides by (x3 + 3xy2) to isolate E%:

dy _ 3x'y+y’
dx X +3xy7

The answer is (D}

ProvrEm 15, If f{x)=+T+~x , find f/(x).

First rewrite the equation using fractional powers instead of radical signs.

flx)= (1 +x;}2

Now take the derivative:

This can be rewritten as:

Fl) =g
—4“/5\41-{-«,/;

The answer is ().

ProBreM 16, j?xee”‘zdx =

We can use u-substitution to evaluate the integral.

Let u=3x"and du=6xdx. If we solve the second term for x dx, we get:
ldu w xdx
6
Now we can rewrite the integral as:
zje“ du
6
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Evaluate the integral to get:

—7—e“+C
6

Now substitute back to get:

The answer is {{),

Prosrem 17. Find the equation of the tangent line to 9x? +16y2 =52 through (2,-1).

Prosrem 18. A particle’s position is given by s=#> —61? + 9. What is its acceleration at time

t‘::.4?

4
First, we need to find EZ* It's simplest to find it implicitly:
18432y Y =0
dx

Now solve for _‘ﬂ{,_
dx

dx 32y l6y
Next, Plug In x=2 and y=-1 to get the slope of the tangent line at the point: -
dy _-18_9
dx -16 8

Now use the point-slope formula to find the equation of the tangent line:

(y-ﬂ):g(xMZ)

If we multiply through by 8, we get: 8y +8=9x~18 or 9x -8y -26=0.

The answer is (B),

Acceleration is the second derivative of position with restrict to time (Velocity is the

first derivative).

The first derivative is: o(t) =3t —12t +§

The second derivative is: a(t) = 612

Now we simply Plug In ¢ = 4 and we get: a(4)=24-12=12

The answer is (E).
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© Prosizm 19, If f(x)=3"  then f(x)=

The derivative of an expression of the form g%, where u is a function of x, is:

- du
—g =g lng-—
dx ‘ dx

Here, we get:
g 3w g3
dx

The answer is (E}

Prosiem 20. The average value of f(x)= L romx=1tox=cis
x

In order to find the average value, we use the Mean Value Theorem for Integrals,

b
which says that the average value of f(x) on the interval [a,b] is Zm}m flx)dx.

=g
121
Here, we have —— | —dx.
e—1dt x
: . : ]
Evaluating the integral, we get: Inx|, = Ine~in1=1. Therefore, the answer is PR

The answer is {E}.

Proprem 21. If f{x)=sin’x, find f7(x).
We just use the chain rule three times.
F(x)=2sinxcosx =sin2x
f7(x)=2cos2x
F7(x) = —4sin2x
The answer is (D).

ProbLEM 22. Find the slope of the normal line to = x +cosxy at (0,1) .

d
First, we need to find E% using implicit differentiation.

Y[ )
dxul (xdx+y, s XY

dy

Rather than simplifying this, simply Plug In {0,1) to find T
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We get: d_y =1,
dx

This means that the slope of the tangent line at {0, 1} is 1, so the slope of the normal

line at {0, 1} is the negative reciprocal, which is ~1.

The answer is (B).

x 3x
PrOBLEM 23, J;E’ ey =

First, add the exponents to get: jﬂ e dx

Evaluating the integral, we get: %e‘” +C

The answer is (B).

tan®(2x
ProsvLom 24, ling m——_g__) -
x— x

) . sinx . .
We will need to use the fact that hn& SmE 1 to find the Lmit.
e x

First, rewrite the limit as

sin”(2x)

0 x° cos® (2x)

Next, break the fraction into:

_ {sin’(2x) 1
Iim - -
=0l x7 cos'(2x)

Now, if we multiply the top and bottom of the first fraction by 8, we get:
8sin’(2x) 1
. o Iz 3 3f
=0 {2x) cosT{2x)

Now, we can take the limit, which gives us: 8.1.7=8.

The answer is (I3},
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PropLem 25. A solid is generated when the region in the first quadrant bounded by the

graph of y = 1+sin’x, the line x = ZZE , the x-axis, and the y-axis is revolved about the x-axis.
its volume is found by evaluating which of the following integrals?

First, let's graph the curve.

We ¢an find the volume by taking a vertical slice of the region. The formula for the
volume of a solid of revolution around the x-axis, using a vertical slice bounded

from above by the curve f(x) and from below by g(x), on the interval [a,b], is:

7 j’[ £ - g7
Here, we get:

T~

nf(@rsinz x)zdx

The answer is (D).

3 B 4
Prosiem 26. If y ﬂ[; 21) , Bind gi atx =1

i x

We use the Chain Rule and the Quotient Rule.

dy _ 4{ N T’ (2x° wl)(3x2)~(x3 ~2)(10x*)

dx 2x° -1 (2x5w])2

If we Plug In 1 for x, we get:

dy _ 4("*])3[3%0}:“52

dx 12

The answer is (A},
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Prosism 27, fxv% —xdx=
We can evaluate this integral using u-substitution.

let u=5-yand 5—wu=x. Then —du=4dx.

‘Substituting, we get:

55
Z 2
w5~b—f-—+—?/f_~+c
35
22

This can be simplified to:
3 5
m-—l—quz +—=u?+C
3 5
Finally, substituting back, we get:

3 5
m%j-(:")—.x)? +—§(5~x}2+c

The answer is (E).

d 3 P
ProerLEM 28. If —j—’t: X and y =2 when x=1, then, when x=2, y=

This is a differential equation that can be solved using separation of variables. Put
ali of the terms containing y on the left and all of the terms containing x on the right.
We get:

y dy = (x° +1) dx

Next, we integrate both sides:

jy dy = J(xB +7;)dx
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Bvaluating the integrals, we get:

2 4

LA
4

Next, we Plug In y =2 and x =1 to solve for C. We get: 2w%+1+€ and so C:-z—.

This gives us:

2 4 :
LA S
2 4 4

Now, if we substitute x =2, we get:

2
Vo322
2 1 4

Solving for y, we get:

The answer is {E).

ProBLEM 29. The graph of y=5x*~x7 has an inflection point (or points) at

In order to find the inflection point{(s) of a polynomial, we need to find the values of
x where its second derivative is zero.

First, we find the second derivative.

4y _ 20x% =51t
dx

2
——2 Y = 60x° - 20x°
X .

Now, let’s set the second derivative equal to zero and solve for x.

60x* —20x% =0
20x*(3-x)=0
x=3

-
“

This is the point of inflection. x = 0 is not a point of inflection because 2’ does not

b
change sign there. If you are unsure that these are correct, graph the function with
a calculator and look at the picture.

The answer is {B).
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2 . 11}
e"* on the interval ["“ J

Proeies 30. The average value of f(x}= 11

In order to find the average value, we use the Mean Value Theorem for Integrals,

b
(x)dx
— | flx)

which says that the average value of f(x) on the interval [a,b] is

Here, we have

j- “ = ZJ% e dy
—‘4;-1-3 T4 T4

You can't evaluate this integral using any of the techniques that you have stud1ed 80
far, so use the calculator to evaluate the integral numerically.

Remember this: Any integral on the AP that contains an e’ term that is not
multiplied by x, must be integrated using the calculator.

You should get approximately 1.09 . The AP always expects vou o round to three
decimal places.

The answer is {C),

1
Proprem 31, jﬂtanx dx =

Tginy

First, rewrite the integral as f dx.

0COsSXY

Now, we can use u-substitution to evaluate the integral. Lel y=cosx. Then
du=—sinx. We can also change the limits of integration. The lower limit becomes
cos 0=1 and the upper limit becomes cosl, which we leave alone. Now we
perform the substitution and we get:

Mjcoslfi—?—i

1 U

COS 1

Bvaluating the integral, we get: ~Inu] —In{cos1}+In1=~In(cost). This log is

also equal to In(secl).

The answer is (D).
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ProsLEM 32. m‘if 8in“ ¢ df =
dx Jo

The Second Fundamental Theorem of Calculus tells us how to find the derivative of

. 4 v d
anintegral. It says that E;j f{t)dt = f(u)E%, where ¢ is a constant and # is a function

of x.

Here we can use the theorem to get:
4 j.xslin:2 tdt = (sinz(xz))(zx) or 2x sinz(x2)
dx Jo

The answer is (B}

ProsLem 33. Find the value(s) of —?i of xy+y’ =5at y=12,
» .

o d
Here, we use implicit differentiation to find "&%:

dy dy
2 242y —L =0
W dx ydx

Now we plug y =1 info the original equation to find its corresponding x values.

x*+1=5
x* =4
x=%2
. . dy
Now Plug In the x and y values to find the value of T

For y=1and x=2, we get:

202)1)+(2) 212 =0

Solving f &y t:
olving for ==, we get:

dy dy 2
4+6=L=0ang =2
R P

For y=1and x=-2, we get:
dy oY
2(=2)(1)+(=2)* =L+ 2(1) =L =0
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. dy
Solving for Ty e get: |
dy dy 2
~4+6—==0 == —
g T end T3
The answer is (D).

Propiem 34. The graph of y=x*-2x?-5x+2 has a local maximum at

dy

First, let’s find —:
dx

Ei—y—:?)xzwzlwa
dx

- Next, set the derivative equal to zero and solve for x.
3x% —4x~5=0

Using the quadratic formula (or your calculator), we get:

. FETEA
x= 22660 5 120, - 0786

Let’s use the second derivative test to determine which is the maximum. We take
the second derivative and then Plug In the critical values that we found when we set
the first derivative equal to zero. If the sign of the second derivative at a critical
value is positive, then the curve has a local minimum there. If the sign of the
second derivative is negative, then the curve has a local maximum there.

2

d
The second derivative is: E;% =6x~4. This is negative at y = —(.786, so the curve

has a local maximum there. Now we plug x = _(.786 into the original equation to
find the y-coordinate of the maximum. We get approximately 4.209. Therefore, the

curve has a local maximum at {—~0.786, 4.209).

The answer is {IJ).

1
ProBLEM 35, Approximate } sin” x dxusing the trapezoid rule with n = 4, to three decimal
0

places.

The Trapezoid Rule enables us to approximate the area under a curve with a fair
degree of accuracy. The rule says that the area between the x-axis and the curve

y = f(x), on the interval [a,b], with n trapezoids, is:

1b-a

ET[yO + 2y1 A 2y2 +2y3 +...+ Zynml +yn]
Using the rule here, with n=4, a=0, and b=1, we get:
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I1 sin® 0+ 2sin’ L +2¢in? ! + 2sin’ 3 +sin? 1]
2 4 4 2 4

This is approximately 0.277.

The answer is (AJ.

Prosiem 36. The volume generated by revolving about the x-axis the region above the

curve y = x?, below the line y =1, and between x=0 and x=1 is

First, make a quick sketch of the region.

We can find the velume by taking a vertical slice of the region. The formula for the
volume of a solid of revolution around the x-axis, using a vertical slice bounded

from above by the curve f{x} and from below by g(x), on the interval [a,b], is:

Here, we get:
1 "
R0 - () dx
0
Now we have to evaluate the integral. First, expand the integrand to get:
i
nf (1-x%)dx
0

Next, integrate to get:

The answer is (E).
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Prosrem 37. A 20 foot ladder slides down a wall at 5 ft/sec. At what speed is the bottom
siiding out when the top is 10 feet from the floor? (in ft/sec.)

First, let’s make a sketch of the situation:

dy

We are given that i ~5 (it's negative because the ladder is sliding down and its

- o odx
customary to make the upward direction positive), and we want to find mn when

y=10.

We can find a relationship between x and y using the Pythagorean Theorem. We

get: x” +y’ =400. '

Now, taking the derivative with respect to ¢, we get:
dx dy

2z A J"zy“g;‘ ={), which can be simplified to ¥

i
Next, we need to find x when y =10,

Using the Pythagorean Theorem,

2?4107 =400, so x = /300 = 17.321

Now, Plug Into the equation above to get:

dx dx
22 10(-5) & =7 BB
17.321 5 10( 3) and oy

The answer is (B).
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ProeLEM 38, Jq%:—gi dx =
x

We can evaluate the integral with u-substitution.

i
Let u=inx. Then dux—xi.

1
Substituting, we get: “E:J-u dut

. 1 u?
Now, we can evaluate the integral: 37 +C,

o lnzfxE
Substituting back, we get: _~6——‘+C.

The answer is (D).
ProBLEM 39. Find two nonnegative numbers x and ¥ whose sum is 100 and for which x% is
a maximum.

Let's set wazy. We want to maximize P, so we need to eliminate cne of the
variables. We are also given that x-+y =100, so we can solve this for ¥ and
substitute. ¥ =100~x, so P =x*(100~x}=100x" - x°.

Now we can take the derivative.

apP_ 200x - 3x°
ax

Set the derivative equal fo zero and solve for x.
200x - 3x% =0
x(200-3x)=0

x=0 or xm-z—ggzéé.%?

2
Now we can use the second derivative fo find the maxdmum. W: 200 ~6x.
X

If we Plug In x = 66.667, the second derivative is negative, so P is a maximum at
x =66.667. Solving for y, we get 1= 33.333.

The answer is (E),
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Proprem 40. Find the distance traveled (to three decimal places) from { =1 to t = 5 seconds,
for a particle whose velocity is given by o{t) =t +Int.

The function {+Inf is always positive on the interval, so we can find the distance
traveled by evaluating the integral

5

I(t+].nf) dt
1

We can evaluate the integral numerically using the calculator.

You should get approximately 16.047 . The AP always expects you to round to
three decimal places.

The answer is {(C}.

ProBLEM 41. {sin5(2x)cos(2x') dx =

We can evaluate this integral using u-substitution.

Let u=sin(2x). Then du = 2cos(2x)dx, which we can rewrite as é—du = cos(2x)dx.

Substituting into the integrand, we get:

}—J;usdu,
2
Evaluating the integral gives us:
5 6
1 eo¥ e
26 12
Substituting back, we get:
-6
sin”(2x) L C
2

Thé answer is (A),

Prosrem 42. The volume of a cube is increasing at a rate proportional to its volume at any
time £ If the volume is 8 ft* originally, and 12 f#2 after 5 seconds, what is its volume at
t =12 seconds?

When we see a phrase where something is increasing at a rate “proportional to itself
at any time t”, this means that we set up the differential equation

fﬁi =kV
df

(or whatever the appropriate variable is)

ANSWERS AND EXPLANATIONS TO AB PRACTICE EXAM 2 B8 415

<




We solve this differential equation using separation of variables.

First, move the V to the left side and the df to the right side, to get:

R
di = kdt
v
Now, integrate both sides:
v _i j i
1%

nV=k+C

Next, it’s traditional to put the equation in terms of V. We do this by exponentiating
both sides to the base e. We get:

gl = kb

Using the rules of exponents, we can rewrite this as:
V = ghlC

Finally, because ¢ 15 a constant, we can rewrite the equation as:
Vo= e

Now, we use the initial condition that vV =8 at time =0 to solve for C.

8= Ce¥ = C(h)=C

This gives us
Vo= 8o

Next,'we use the condition that v =17 ai time =5 o solve for k.
12 = 8™

5l

=g

P | L2

In E = bk
2
i

k:le”ig
5 2

This gives us:
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Firalty, we Plug In =12 and solve for V:

! mé}(u)

Vm&z(g 27 291,169

The answer is (A},

Prosrem 43, If f(_x):{i 4——5%) ,find  f7(40).

The first derivative is:

4583005

The second derivative is:

o33 3003)

Evaluating this at y =40, we get:

3
fr!(x)me(1+%9} :%Zﬁl.BSO
o0 20 20

The answer is (B},

ProsLEm 44. A particle’s height at a time 120 is given by h{t) =100t —16t*. What is its
maximum height?

First, let’s take the derivative: J'(f}= 100~ 32t
Now, we set it equal to zero and solve for £ 100-232f =0

100
32
Now, to solve for the maximum height, we simply plug t:%%g back into the
original equation for height:
2
hﬁﬁq) = 1(}0(@) - 16(1{39) =156.250
L 32 32 32

By the way, we know that this is a maximum not a minimum because the second

derivative is —32, which means that the critical value will give us a maximum not
a minimum.

The answer is (B).
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Propiem 45. If f(x) is continuocus and differentiable and

, then b=

( } ax* +5x:x <2
=
by —3x:x>2

In order to solve this for b, we need f(x) to be differentiable at x=2.

If we plug x =2 into both pieces of this piecewise function, we get:

16a+10;x <2
Vb6, xm2

so we need 16a+10=4b-6.

Now, if we take the derivative of both pieces of this function and Plug In x =2 we
get:

) {32a+5;x52

|4b-3; vy soweneed 327+ 5=4p-3

1
Solving the simultaneous equations, we get a == 5 and b= 6.

The answer is (D).
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ANSWERS AND EXPLANATIONS TO SECTION Ui

Prosrem 1. Consider the curve defined by y=x" +4x”,

(@} If we want to find the equation of the tangent line, first we need to find the
y-coordinate that corresponds to x=-1.

It is:

y={-1)* +4(-1) =1-4 =3
Next, we need to find the derivative of the curve at x=-~1.

d
It is E% =4 +120% and, at x=-1, | = 4(C1f +12(-1) 8.

dx ix:~]

Now we have the slope of the tangent line and a point that it goes through. We can
use the point-slope formula for the equation of a line, (y -y, )=m{x-x,), and Plug
In what we have just found.

We get:

(y+3}=8{x+1), which can be rewritten as y=8x+5

(b} First, we set the derivative equal to zero and solve for x.

Ezzz}:xS +12x% =0
dx

42 (x+3) =0

x=0or x=-3

Now, we can use the second derivative test to determine whether a critical value is
the x-coordinate of a minimum or a maximum. The second derivative test is the
following: :

If ¢ is a critical point, then:

¢ is the x-coordinate of a maximum if f”(c)<0 and
¢ is the x-coordinate of a minimum if f7(c)>0.

By the way, ¢ is the x-coordinate of a point of inflection if f”(c)=0.
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So now we need o find the second derivative,

d?
dx

L= 12x" + 24

If we Plug In x=-3, we get

dzy 2
—= = 12(=3) +24{~3) =36

so the curve has a minimum at x=-3. Finally, to get the y-coordinate of the
minimum, we plug x =-3 into the original equation and we get

y=(-3)" +4{-3)° =81-108 =27
Thus, the curve has an absolute minimum at (-3, -27).

(c) If we Plug In x=0 we get

d* 2
Ez}% =12(0)" +24(0) =0,

so the curve has a point of inflection at x =0. To get the y-coordinate of the point of
inflection, we piug x =0 into the original equation and we get

y=(0)" +4(0)" =0

Thus, the curve has a point of inflection at {0, 0).

Prosiem 2. The temperature on New Year's Day in Hinterland was given by
T(H)z-—Achos(%J, where T is the temperature in degrees Fahrenheit and H is the

number of hours from midnight 0<7T <24.

(a) Simply Plug In the temperature, ~15, for T and the time, midnight (' = 0), for
H into the equation. We get: —15=~A~Bcos0, which simplifies to
~15=-A-B. -

Now plug the temperature, 5, for T and the time, Noon (H =12), for H into the
equation. We get: 5=—A- Bcos{n), which simplifies to 5=-A+8.

Now we can solve the pair of simultaneous equations for A and B, and we get
A=5F and B=10"F.
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(b) In order to find the average value, we use the Mean Value Theorem for Inte-

grals, which says that the average value of f(x) on the interval la,b] is

1 b
s PSS

180-0

[ . THYY .,
Here, we have M..Fo (”5 - EUCOS[EED dH
Evaluating the integral, we get:
fiﬁ
1

o = Y R T Y R T
10] n 12 )] 10 n 6 /] 10 n

(¢} The Trapezoid Rule enables us to approximate the area under a curve with a
fair degree of accuracy. The rule says that the area between the x-axis and

the curve y = f(x), on the interval [4,b], with n trapezoids, is:

lbka{}/o F2Yy 2y, F 2y + 2y, +y11]

n

Using the rule here, with =4, 2=6, and b= 8, we get:

31[("—5—1&05@% 2(—-5u10ces§73)+ 2{_54%03@)-& —5m18c05§%-5-7£)+(~5-18c05§—n—J
2 2] 2 % 12 24 12

This is approximately —4.890°F
(d) We simply take the derivative with respect to F.

Y ARE .

: | —sin
aH 6

A 17
., I R

Prosiem 3. Sea grass grows on a lake. The rate of growth of the grass is — = kG, where k -

is a constant.

{a) We solve this differential equation using separation of variabies.

 [CI
First, move the G to the left side and the 4t to the right side, to get: —~=kdt,

Now, integrate both sides:

f‘jf :}cjdf
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InG=rkt+C
Next, solve for G by exponentiating both sides to the base 2. We get: G =¢"*¢

Using the rules of exponents, we can rewrite this as: G= ¢"e®. Finally, because ¢©

is a.constant, we can rewrite the equation as: G = Ce" .
Now, we use the initial condition that G =100 at time t =0 to solve for C.
100=Ce" =C(1)=C
This gives us G = 100" .
Next, we use the condition that G =120 at time t =1 to solve for k.
120 = 100¢"
1.2=¢
In1.2=k=0.1823
This gives us: G =100 |

(b) All we need to do is set G equal to 300 and solve for f.

300 = 100e™ 1

7 o 01823

In3=0.1823¢t
t=6026 years

{c} Now we have to account for the fish’s consumption of the sea grass. 50 we

have to evaluate the differential equation %@ =kG-80.

First, separate the variables, to get:

ac
kG -80

dt

Now, integrate both sides:

*I‘CE%?MSME}" = jdf or j—(fic;—gﬂ kjdt
k

in(G —-%) =kt +C
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Next, exponentiate both sides to the base e. We get:

c-80. Cet
k
Solving for G, we get:
80Y 4 80
= _—— -
¢ (GO k Je k
Now, set G=0. We get:
0%y ., 80
O - G et ict i
(“ k} k
Now, set G, =300 and rearrange:
-80
T 80
kt=1 ko)
" ™80 " 300k

[gg@m@]
_ k

Take the log of both sides:

kt= In(——?-{—)%w)
80 - 300k

and t= 3"1}’1{——?9—%}
k 80~ 300k

Now, we Plug In the value for k that we got in part (a) above and we get f~6.313
years.

Prosiem 4. Water is being poured into a hemispherical bowl of radius 6 inches at the rate
of 4 in?/sec. '

(a) First, rewrite the equation as
%, -
V =aRi* -0
3
Now take the derivative of the equation with respect to t:

¥
av _ anhéIl —7th? dh
df dt dt
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If we Plug In %?: 4, R=6,and h=12, we get:

o dn 4 1
4=20m" o 22 ot Z 0064
MO I 20m sm 64 in/sec

{(b) Notice that we can construct a right triangle using the radius of the sphere
and the radius of the surface of the water.

Notice that the distance from the center of the sphere to the surface of the water is
R—h . Now, we can use the Pythagorean Theorem to find r:

R? = (R~h)* +7?

We can rearrange this to get:

S

= R (R ~aRRR
Because R=6, we gel:
=i
A=n(12k-1).
Taking the derivative of the equation with respect to 1, we get:
. n(izfgimzhfifi)
dt dt dt

We found in part (a) above that

5t 5w

dh 1 dA (12 4\ 8
T T 50 “E;M‘: =3 in%/sec.

224
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Prosiem 5. Let R be the region in the first quadrant bounded by y* = x and 2* = Y-

(a) Find the area of region R,

First, let’s sketch the region.

In order to find the area, we “slice” the region vertically and add up all of the slices.
Now, we use the formula for the area of the region between y = f(x) and y= ¢{x),
from x=gto y=p,

We need to rewrite the equation y¥* =x as y=+/x so that we can integrate with
respect to x. Our integral for the area is:

il

0

(b) In order to find the volume of a region between y = f(x) and y = g(x), from
x =410 y=p, when it is revolved around the x-axis, we use the formula

o Eﬂ’[f(x)i._g(x)?]dx

Here, our integral for the area is:

nﬂ(x—x“) dx
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Evaluating the integral, we get:

(¢} Whenever we want to find the volume of a solid, formed by the region
between y = f(x) and ¥ = g(x),with a known cross-section, from x=4a to

x = b, when it is revolved around the x-axis, we use the formula

FA(JC) dx

a

where A(x) is the area of the cross section. We find the area of the cross-section by
using the vertical slice formed by f(x)- g(x}, and then plugging it into the appropri-

ate area formula. In the case of a circle, f(x)-g(x} gives us the length of the
diameter and we use the formula

: 2
Alx)= n{dinmeter }

This gives us the integral:

Expand the integrand:

Egﬂ(vg - xz)zdx = %j;(x —2x7 4 x4) dx

Evaluate the integral.

L 2 Xt o4xt y° nf 1 ‘4 1Y 9=¢
——j x—-2x% +x" Jdx= 4+ LS IR TIa
440 PA 7 5 4\2 7 5] 280

A
|
;
|
|
!
I
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Frosiem 6. An object moves with velocity oft)=1> - 8¢ +7.

(8) The velocity of an object is the derivative of its position with respect to time.

Thus, if we want to find the position, we take the integral of velocity with
respect to time. '

3
i_?’_ 3

s(t)= ({2 =st+7)ar =2 B ool i
L 3 2 3

(b) If we want to find when the particle is changing direction, we need to find
where the velocity of the particle is zero.

o(t) =1 =8t +7 = (f~1)(t—=7) =0

Thus, at t=1or 1=7, the particle could be changing direction. To make sure, we
need to check that the acceleration of the particle is not zero at those times. The
acceleration of a particle is the derivative of the velocity with respect to time.

alt)=2¢—8
At t=1,

which is not zero, so the particle is changing direction at £=1.
At t=7,

a(7)=14 -8 =6,
which is not zero, so the particle is changing direction at £=7.

{c) If we want to find the total distance that a particle travels from time a to time
b, we need to evaluate

[loe) ar

This means that, over an interval where the particle’s velocity is negative, we

multiply the integral by 1 . So, we need to find where the velocity is negative and
where it is positive.

We know that the velocity is zero at t=1 and at =7,

We can find that the velocity is positive when # <1 and when ¢ >7 . and the velocity
is negative when 1<t<7.

ANSWERS AND EXPLANATIONS TO AB PRACTICE EXAW 2 B 437



Thus, the distance that the particle travels from {=0to t=4 is
1 4
j (¥ m85+7)dt—j (2 -8t+7)dt
] 1

Evaluating the integrals, we get:
1

3 3 4
SIS I LPTE F \ =(19#0)_(_§im39):ﬁ
3 L3 3 3 3) 3

i0 i1
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